In this article we introduce and investigate the concept of a partial quasi-metric and some of its applications. We show that many important constructions studied in Matthews's theory of partial metrics can still be used successfully in this more general setting. In particular we consider the bicompletion of the quasi-metric space that is associated with a partial quasi-metric space and study its applications in groups and BCK-algebras.
Introduction
Partial metrics were introduced by Matthews [8] in 1992. They generalize the concept of a metric space in the sense that the self-distance from a point to itself need not be equal to zero. They are useful in modelling partially defined information, which often appears in computer science. They are equivalent to weighted quasi-metrics, which will be discussed in Remark 9 below. The first author and Vajner gave a sufficient condition for topologies to be partially metrizable.
Several variants of the concept of a partial metric have already been studied in the literature. O'Neill [10] allowed partial metrics to admit negative values.
Heckmann [2] omitted conditions (1a,1b) in the definition of a partial metric given below (see Remark 2) and obtained the concept of a weak partial metric. Moreover, by omitting condition (2) below in the definition of a partial metric, Waszkiewicz [19] introduced the concept of a partial semimetric.
Later on those partial metrics whose range is a value quantale were investigated [4] . Value quantales are a generalization of the set of the extended positive real numbers and it was shown that every topology comes from a partial metric mapping into a value quantale.
Interesting representations of partial metrics were studied in [5, 18] . In particular [5] describes connections between partial metric spaces and metric spaces with a base point.
Further applications of partial metrics to problems in Theoretical Computer Science were discussed in [13, 17, 16] . By dropping the symmetry condition in the definition of a partial metric, in this article we study another variant of partial metrics, namely partial quasi-metrics.
Preliminaries
We recall that given a set X, a function q : X × X → [0, ∞) is called a quasi-metric if and only if (i) x = y iff q(x, y) = 0 = q(y, x) whenever x, y ∈ X, (ii) q(x, z) ≤ q(x, y) + q(y, z) whenever x, y, z ∈ X. Here [0, ∞) denotes the set of non-negative reals.
If a function q : X ×X → [0, ∞) only satisfies condition (ii) and possesses the additional property that q(x, x) = 0 whenever x ∈ X, then we speak of a quasi-pseudometric on X.
Example 1 Let X be a set and let f : X → [0, ∞) be an arbitrary function. Set q f (x, y) = max{f (y) − f (x), 0} whenever x, y ∈ X. Then q f is a quasi-pseudometric on X. Observe that q f is a quasi-metric if and only if f is one-to-one.
The topology τ (q) induced by a quasi-(pseudo)metric q on X is determined by the base consisting of all -balls B q (x) = {y ∈ X : q(x, y) < } where x ∈ X and ∈ (0, ∞). If q is a quasi-metric, then the partial order ≤ on X given by x ≤ y iff q(x, y) = 0 is called the specialization order.
Remark 1 A quasi-metric space (X, q) with some fixed base point φ ∈ X gives rise to another quasi-metric q on X defined by q (x, y) = q(φ, x) + q(x, y) − q(φ, y) whenever x, y ∈ X.
Proof. The triangle inequality is clearly satisfied by q . We only verify the nontrivial implication of condition (i): Suppose that for x, y ∈ X we have q(φ, x) + q(x, y) − q(φ, y) = 0 and q(φ, y)
Let us note that φ is the smallest element of (X, q ) with respect to the specialization order on X defined by x ≤ y iff q (x, y) = 0, since q (φ, y) = 0 whenever y ∈ X. So the induced quasi-metric topology as well as the specialization order of (X, q) and (X, q ) are distinct in general. Observe that q = q iff φ is the smallest element of (X, q) with respect to its specialization order. In particular our construction applied to (X, q , φ) where φ is chosen again as base point yields (q ) = q .
We are now ready to introduce our main new concept.
If p satisfies all these conditions except possibly (1b), we shall speak of a lopsided partial quasi-metric.
Remark 2 If p is a partial quasi-metric on
Lemma 1 Any lopsided partial quasi-metric p on X also satisfies the condition:
Proof. In order to prove the nontrivial implication, suppose that for x, y ∈ X, p(y, x) = p(x, x) and p(x, y) = p(y, y). Then p(y, x) − p(y, y) + p(x, y) − p(x, x) = 0 and thus by (1a) p(y, x) = p(y, y) and p(x, y) = p(x, x). Therefore x = y by (3).
Remark 3 Thus in particular every partial quasi-metric p on X also satisfies condition (3') . Similarly as in the preceding proof we see that if a function p : X × X → [0, ∞) fulfils conditions (1a) and (1b), then it satisfies (3) iff it satisfies (3') .
Proof. The arguments are straightforward. As an illustration we prove for the statement (c) the nontrivial part of condition (3) . Let x, y ∈ X such that p
. By (1a) and (1b) the four expressions in brackets must be equal to 0. Thus by (3) or (3') we conclude that x = y. The following construction describes a bijection between quasi-metrics with weight and lopsided partial quasi-metrics on X that will be used throughout this article. In the following we shall refer to this correspondence often by terms like the quasi-metric or weight associated with a given (lopsided) partial quasi-metric, the (lopsided) partial quasi-metric associated with a given quasi-metric with weight and similar self-explanatory expressions.
If p is a lopsided partial quasi-metric on X, then q(x, y) = p(x, y)−p(x, x) whenever x, y ∈ X and w(x) = p(x, x) whenever x ∈ X yield a quasi-metric space (X, q) with weight w, which we denote by (X, q, w).
If (X, q, w) is a quasi-metric space with weight, then p(x, y) = q(x, y) + w(x) whenever x, y ∈ X is a lopsided partial quasi-metric on X.
Next we define a compatibility condition between quasi-metric and weight that will be crucial for the following investigations.
Definition 2 A quasi-(pseudo)metric space with compatible weight on a set X is a triple (X, q, w) where q :
Remark 5 Let (X, q, w) be a quasi-metric space with weight. Then clearly w is a compatible weight on X if and only ifq defined byq(
Hence for each partial quasi-metric p on a set X we obtain besides its as-
Indeed we shall see in Theorem 1 below thatq is equal to q
where q is the quasi-metric associated with the conjugate partial quasi-metric p 
Remark 6 According to Example 2 for any lopsided partial quasi-metric p with associated quasi-metric q and weight w on a set X we obtain a partial quasi-metric
p on X by setting p (x, y) = q(x, y) + q ω (x, y) + w(x) = p(x, y) + q ω (x, y) whenever x, y ∈ X. (Here w(x) = p(x, x) whenever x ∈ X.)
Remark 7 (a) If w is a weight compatible with a given quasi-metric on
X, then for any non-negative constant k, w(x) + k whenever x ∈ X, is also a compatible weight; of course, the constant weight function 0 is compatible with any quasi-metric on X. 
Proof. The statements in (a) are obvious and the assertion (b) immediately follows from the inequality q(A, y) ≤ q(A, x) + q(x, y), which holds for any x, y ∈ X. Similarly, for (c) we have w(y) − w(x) ≤ q(x, y) = 0 provided that x ≤ y and, thus, w is decreasing.
(
) whenever x, y ∈ X and hence w is compatible on (X, q).
is a compatible weight on the quasi-metric space (X, q ) is a quasi-metric space with compatible weight w where w is defined by
Hence the assertion holds.
Suppose now that w is bounded. Since, by compatibility of w, we have
(x, y) whenever x, y ∈ X. Therefore the statement is verified.
Proposition 2 If (X, q, w) is a quasi-metric space with compatible weight
whenever x, y ∈ X, is also a quasi-metric space with compatible weight.
Proof. For either case it is well known and easy to see that q is a quasimetric on X. Related arguments show that given x, y ∈ X, w(y) ≤ q(x, y) + w(x) implies in case (a) that min{w(y), 1} ≤ min{q(x, y), 1} + min{w(x), 1} and in case (b) by monotonicity that
. Consequently the statements are verified.
Lemma 3 Let (X, q) be a quasi-metric space and fix φ ∈ X. Then x → q(φ, x) is maximal (with respect to the pointwise order on the set of compatible weight functions) among the compatible weights w on (X, q) that vanish at φ.
Proof. The assertion follows immediately, since a compatible weight function w :
Recall that a weight w is an upper weighting function on a quasi-metric space (X, q) in the sense of the third author if q(x, y) ≤ w(y) whenever x, y ∈ X (compare [14, 15] ).
Proposition 3 Let (X, q, w) be a quasi-metric space with weight. Then w is a compatible upper weighting function vanishing at φ on X if and only if
w(x) = q(φ, x) whenever x ∈ X and φ is the maximum on (X, q) with respect to the specialization order.
Proof. If w(x) = q(φ, x) whenever x ∈ X and φ is the maximum on (X, q) with respect to the specialization order, then w is a compatible weight function vanishing at φ and q(x, y) ≤ q(x, φ) + q(φ, y) = 0 + w(y) whenever x, y ∈ X so that w is upper weighting.
In order to prove the converse suppose that w is a compatible upper weighting function on (X, q) vanishing at φ. Then q(x, φ) ≤ w(φ) = 0 whenever x ∈ X so that φ is the maximum on (X, q) with respect to the specialization order. Furthermore 
The remaining statements are obvious.
Remark 8 Let p be a partial quasi-metric on a set X. Similarly as in the case of partial metrics we can introduce -balls of points and use them to define topologies on X.
For the associated quasi-metric q we obtain the following -balls at x ∈ X where ∈ (0, ∞) :
Similarly, we get for the quasi-metric q
the following -balls at x :
For the quasi-metric q associated with the partial quasi-metric p −1 on X we similarly obtain its -balls at x ∈ X as follows:
Finally for the conjugate quasi-metric (q)
of q we get the followingballs at x ∈ X:
In each of the four cases the collection of all these balls yields a base for a topology on X, which as usual, we shall denote by τ (q), τ (q It is well-known that τ (q) and τ (q )-closure of {0}. We conclude that the studied four topologies are pairwise distinct.
Lemma 4 Note that if (X, q, w) is a quasi-metric space with compatible weight, then for any quasi-metric q on X such that q (x, y) ≥ q(x, y) whenever x, y ∈ X, (X, q , w) is also a quasi-metric space with compatible weight.
Proof. The assertion is obvious, since w(y) − w(x) ≤ q(x, y) ≤ q (x, y) whenever x, y ∈ X.
The preceding observation suggests many examples of partial quasi-metrics that are not partial metrics: Just apply it to the metric q = q + and a given nonconstant (compatible) weight w.
For instance we can also take any metric space (X, m) with cardinality at least two and the compatible weight function x → m(φ, x) for some base point φ ∈ X. Set now p(x, y) = m(x, y) + m(φ, x) whenever x, y ∈ X. Then p is a partial quasi-metric and if ψ ∈ X is distinct from φ, we have p(ψ, φ) − p(φ, ψ) = m(φ, ψ) = 0.
Remark 9 (compare also [7]) If (X, q, w) is a quasi-metric space with compatible weight, then the associated partial quasi-metric p is a partial metric if and only if q and w satisfy the weight condition due to Matthews, that is, q(x, y) + w(x) = q(y, x) + w(y) whenever x, y ∈ X.
Quasi-metric spaces (X, q) equipped with such a weight function w are called weighted. Of course, any weight ω satisfying the latter equality is compatible with the quasi-metric q on X.
Example 4 Let (X, p) be a partial quasi-metric space. Then the quasimetric q associated with the partial metric p + (see Theorem 1) is weighted by the weight 2p(x, x) (x ∈ X).

Definition 3 A partial quasi-metric space (X, p) is called weightable if its associated quasi-metric q is weightable (that is, there is a weight w, possibly different from p(x, x) (x ∈ X), such that q is weighted by w).
Example 5 Let | · | be the usual norm on the set R of the reals. The partial quasi-metric p(x, y) = |y − x| + |x| where x, y ∈ R is weightable, since the associated quasi-metric q(x, y) = |y −x| is a metric and, hence weightable by the constant weight function 0.
So in particular each weightable quasi-metric space (X, q) is weightable when considered as a partial quasi-metric space. It is known that there are weightable quasi-metrics q whose conjugate q
is not weightable (see [7, Example 5] for a stronger result). Furthermore each partial metric p on X is weightable, as the weight p(x, x) (x ∈ X) witnesses.
Examples
The following example is crucial in the theory of partial (quasi-)metrics.
Example 6 Let X = [0, ∞) and ρ(x, y) = max{y − x, 0} and λ(x) = x whenever x, y ∈ X. Then (X, ρ, λ) is a quasi-metric space with compatible weight. The associated partial quasi-metric p(x, y) = ρ(x, y) + λ(x) whenever x, y ∈ X is indeed a partial metric.
Note that in this example the weight λ is not compatible with the quasimetric space (X, ρ We call a map f : (X 1 , p 1 ) → (X 2 , p 2 ) between two (partial) quasi-metric spaces (X 1 , p 1 ) and (X 2 , p 2 ) non-expansive provided that p 2 (f (x), f (y)) ≤ p 1 (x, y) whenever x, y ∈ X 1 .
Remark 10 Note that w : X → [0, ∞) is a compatible weight function on the quasi-metric space (X, q) if and only if
Proof. The compatibility of w with q means that ρ(w(x), w(y)) = max{w(y)− w(x), 0} ≤ q(x, y) whenever x, y ∈ X. Hence the assertion follows.
Example 7 (compare [2, p. 79]) Let (X, q) be a quasi-metric space. Consider its set of so-called formal balls S = {(x, r) : x ∈ X, r ∈ [0, ∞)}. Set q ((x, r), (y, s)) = q(x, y) + ρ(r, s) whenever x, y ∈ X and r, s ∈ [0, ∞). Then q is a quasi-metric on S. Furthermore w ((x, r)) = r whenever x ∈ X and r ∈ [0, ∞) clearly determines a compatible weight on S. Therefore we can define the partial quasi-metric p(s
In order to discuss our next example we have to recall some well-known concepts from the theory of BCK-algebras (see [3] ).
A universal algebra (A, ·, 0) (of type (2, 0)) is called a BCK-algebra (see e.g. [11] ) if the following identities and quasi-identities hold:
(1) ((xy)(xz))(zy) = 0 (2) (x(xy))y = 0 (3) xx = 0 (4) 0x = 0 (5) xy = yx = 0 implies that x = y.
It is well known that A also satisfies the identities (6) (xy)z = (xz)y
With a BCK-algebra A a partially ordered set (A, ≤) is associated, where x ≤ y iff xy = 0.
Example 8 (see [3, Example 1]) Let
A be an arbitrary nonempty set, and let X be the set of all real-valued functions defined on A. For f, g ∈ X we define g f by the two conditions:
By the definition of , X is a BCK-algebra that is commutative, that is,
Let A be a BCK-algebra. In [11] 
The pseudo-norm n is said to be a norm if (10) n(x) = 0 implies x = 0 whenever x ∈ A.
For our purposes the following lemma proved by Raftery and Sturm is very useful.
Lemma 5 [11, Lemma 1] A pseudo-norm n on a BCK-algebra A is a non-negative increasing function satisfying (11) n(xz) ≤ n(xy) + n(yz) whenever x, y, z ∈ A.
As Raftery and Sturm remark [11] , if xy is interpreted as set-theoretic difference x − y (x, y ∈ A) and 0 as the empty set, then a pseudo-norm on A has some of the properties of a measure.
Proposition 4 Let n be a (pseudo)-norm on a BCK-algebra A. Then d(x, y) = n(yx) is a quasi-(pseudo)metric on A and w(x) = n(x) is a compatible weight on A.
Proof. Note that d satisfies the triangle inequality by (11) . Furthermore d(x, x) = 0 whenever x ∈ A. If n is a norm and d(x, y) = 0 = d(y, x), then n(xy) = 0 = n(yx). Thus xy = 0 = yx and therefore x = y by (5). Hence d is a quasi-metric. It remains to show that n(y) ≤ d(x, y) + n(x). But this just means n(y) ≤ n(yx) + n(x), which holds according to (8) . It should be mentioned that in [11] Raftery and Sturm study the completion of pseudo-normed BCK-algebras with respect to the sum pseudometric d
Remark 11 Let us assume that in Proposition 4, n is a norm on
. Hence their results are related to our study in the next section which deals with the bicompletion of a quasi-metric space (see e.g. [1] ).
Example 9 Let (E, ·) be a group. A quasi-norm on E is a non-negative real-valued function · on E such that for all x, y ∈ E:
(i) For similar investigations on quasi-normed monoids and studies about their bicompletion (compare with our next section) we refer the reader to [12] . 
Main applications
Finally we shall apply partial quasi-metrics to construct completions and to prove the existence of fixed points. 
Then R is an equivalence relation on Y. Denote by X the quotient Y /R.
It is well known that ( X, d) yields the bicompletion of (X, d) (see e.g. [1] ). The point x ∈ X is identified with [(x)] in X where (x) denotes the sequence all terms of which are equal to x. Furthermore X is dense in X with respect to the topology τ (( d)
Proof. Denote the quasi-metric associated with p (resp. p
by q (resp. q, resp.q), as we did in Theorem 1.
According to the latter theorem we know that (q) Remark 13 (compare [9] for weighted quasi-metrics resp. partial metrics) Suppose that the partial quasi-metric space (X, p) corresponds to the quasi-metric space (X, q, w) with compatible weight and that ( X, q) is the bicompletion of (X, q).
We observe that w : X → [0, ∞) has a well-defined extension w to the bicompletionX, which exists, since w is compatible with q : If x ∈ X and (x n ) n∈N is any sequence in X such that ( q) [9] ). We also remark that p −1 = ( p) −1 and p + = ( p)
Note that for these arguments we use the facts that q and ω are continuous functions and X is dense in X provided that X is endowed with the topology τ (( q)
We conclude this article with some remarks on fixed points. Let X be a set equipped with some (partial) quasi-metric p : For any k ∈ [0, ∞), w(x) = k whenever x ∈ X, is a compatible weight on (X, q). Hence for the associated partial quasi-metric p defined by p(x, y) = q(x, y) + w(x) (x, y ∈ X), we get that p(x 0 , x 0 ) = k.
Similarly as in [8] , we can obtain additional information on the weight of the fixed point if we assume that the map f satisfies the contraction inequality with respect to the partial quasi-metric itself. 
Conclusions and further work
We introduced the concept of a partial quasi-metric space and showed that many results dealing with partial metrics [8] can be generalized to this larger class of spaces. Partial quasi-metrics naturally arise in the theory of normed BCK-algebras and the theory of quasi-normed groups. In both areas they have mainly been used to introduce an associated (bi)completion of the underlying algebraic structure. We argued that in general partial quasimetrics possess an associated (bi)completion, which generalizes the known (bi)completion of partial metric spaces. The (bi)completion of partial metric spaces has been studied in detail in an article of Oltra, Romaguera and Sánchez-Pérez [9] .
Given a quasi-metric space (X, q), we can equip the set W of all compatible weight functions on (X, q) with the extended quasi-metric Q(w 1 , w 2 ) = sup{max{w 1 (x) − w 2 (x), 0} : x ∈ X} where w 1 , w 2 ∈ W. It might be interesting to consider the compatible extended weight W = Q(0, w) on the space (W, Q). Of course, 0 denotes the weight that equals to 0 on the whole of X.
Note that x → w x where w x (y) = q(x, y) whenever y ∈ X defines an isometric embedding of the quasi-metric space (X, q) into the extended quasi-metric space (W, Q). Hence it may be enlightening to know more about the structure of the extended partial quasi-metric space associated with (W, Q, W ).
Also it might be interesting to study partial quasi-metrics on more general algebras than BCK-algebras and to investigate how partial quasi-metrics defined on a substructure, like for instance ideals, can be extended to some given full structure.
